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SIMON NEWCOMB, PH. D., LL. D. 


BY J. M. COLAW. 


ee NEWCOMB was born in Wallace, Nova Scotia, in 1835. 


RJ After being educated by his father he engaged for some time in 


teaching. He came to the United States in 1853, and was engaged for two 
years as a teacher in Maryland. There he became acquainted with Joseph 
Henry and Julius E. Hilgard, who reeognizing his aptitude for mathematics, 
secured his appointment in 1857 as computer on the ‘‘Nautical Almanac,” which 
was then published in Cambridge, Mass, In Cambridge he came under the in- 
fluence of Professor Benjamin Peirce. He entered the Lawrence Scientific 
School and was graduated in 1858, continuing thereafter for three years as a 
graduate student. 

In 1861 he was appointed professor of mathematics in the U. S. Navy 
and assigned to duty at the U. 5S. Naval Observatory in Washington. There 
he negotiated the contract for the 26-inch equatorial telescope authorized by 
congress, supervised its construction and planned the tower and dome in which it 
is mounted. 

He was chief director of the commission created by congress to ob- 
serve the transit of Venus on December 8, 1874. He visited the Saskatchewan 
region in 1860 to observe an eclipse of the Sun, and in 1870-1 was sent to Gi- 
bralter for a similar purpose. In 1882 he commanded an expedition to observe 
the transit of Venus at the Cape of Good Hope. Meanwhile in 1887 he became 
senior professor of mathematics in the U. S. Navy, and since that time has been 
in charge of the office of the ‘American Ephemeris and Nautical Almanac”. 
Professor Newcomb has a large corps of assistants in Washington. 
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In addition to these duties, in 1884 he became professor of mathema- 
tics and astronomy in Johns Hopkins, (succeeding the distinguished Sylvester, 
upon the departure of the latter to accept a professorship at Oxtord), where he 
has had charge of the American Journal of Mathematics. However he is not 
now editor of that Journal, having recently severed his immediate active cop- 
nection with the Johns Hopkins University for the next two or three years, 

Professor Newcomb has been intimately associated with the equipment 
of the Lick observatory of California, and examined the glass of the great tele- 
scope and its mounting before its acceptance by the trustees. 

The results of his scientific work have been given to the world in more 
than one hundred papers and memoirs. Concerning these, Arthur Caley, pres. 
ident of the Royal Astronomical Society of Great Britain, said:  ‘*Professor 
Newcomb’s writings exhibit, all of them, a combination on the" ove hand 


of mathematical skill and power and on the other of good hard work, devoted to 


the furtherance of astronomical science.” 

His work has been principally in the mathematical astronomy of the 
solar system, particularly Neptune, Uranus, and the Moon, but the whole plan 
includes the most exact possible tables of the motions of all the planets. 
Amongst the most important of his papers are: ‘On the Secular Variations and 
Mutual Relations of the Orbits of the Asteroids” (1860); ‘*An Investigation of 
the Orbit of Neptune, with general tables of its motion” (1874): ** Researches 
on the Motion of the Moon” (1876); ‘*Measure of the Velocity of Light” (1884); 
and ‘*Development of the Purturbative Function and its Derivative in the Sines 
and Cosines of the Eccentric Anomaly, and in Powers of the Kccentricities and 
Inclinations” (1854). 

In 1874 Columbian University of Washington conferred on him the 
degree of LL. D., and in 1875 he received the same degree from Yale, also from 
Harvard in 1874, and from Columbia College in 1887, while on the 300th anni 
versary of the founding of the University of Leyden in 1875, that institution 
gave him the degree of Master of Mathematics and Doetor of Natural 
Philosophy, and on the 500th anniversary of the University of Heidelberg in 
1886 he received the degree of Ph. D. Besides the degrees just mentioned he 
received one from Edinburgh in 1591, one on the occasion of the tercentenary 
of the University of Dublin in 1892, and one from Paris on the tercentenary of 
Galileo’s connection with the Univer: ity in 1893. 

He was awarded the gold medal of the Royal Astronomical Society in 
1874 and in 1878 received the great gold Huyghens medal of the University of 
Leyden, which is given to astronomers once in 20 years for the most important 
work acomplished in that science between its awards. Besides the two gold 
medals mentioned Professor Newcomb received a third in 1890, the Copley 
medal, given by the Royal Society of England, 

In 1887 the Russian Government ordered the portrait of Professor 
Newcomb to be painted for the collection of famous astronomers at the Russian 
observatory at Pulkowa, and also ordered to be presented to him a vase of ja 
per with marble pedestal seven feet high. The University of Tokyo has also 
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presented him with two vases of bronze. 

He was elected an associate member of the Royal Astronomical Society 
in 1872, corresponding member of the Institute of France in 1874, and for- 
eign member of the Royal Society 1877; and he also holds honorary or corres- 
ponding relations to nearly all the European academies of Science. In 1877 he 
was elected one of the eight members of the council of the Astronomische Gesell- 
schaft, an international astronomical society that meets once in two years.. He 
was elected to the National Academy of Sciences in 1869 and since 1883 has been 
its vice president. In 1876 he was elected president of the American Associa- 
tion for the Advancement of Science, and delivered his retiring address at the 
St. Louis meeting in 1873. He also held the presidency of the American Society 
for Physical Research. 

He was elected member of the New York Mathematical Society in 
1391, and delivered an address, entitled **Modern Mathematical Thought” be- 
fore the annual meeting of the Society, December 28, 1893, which was pub- 
dished in the Bulletin of the Society for January 1894, and in ature of Febru- 
ary 1, 1894. 

Professor Newcomb’s book on Popular Astronomy (1877) has been re- 
published in England and translated into German, while ‘School Astronomy” 
by Newcomb and Holden (187), and their **Briefer Course” (1883), are used as 
text books in most of our colleges. 

Professor Newcomb has also carried on important investigations on 
subjects purely mathematical. An important contribution by him on 
“Elementary Theorems Relating to the Geometry of a Space of Three Dimen- 
sions and of Uniform Positive Curvature in the Fourth Dimension”, was pub- 
lished in Borchardt’s Journal, Berlin, 1877. Full extracts of this important 
eotribution to non-Euclidean geometry are given in the Encyclopaedia Brit- 
annica, article ‘‘Measurment”. In Vol. I. of the American Journal of Mathe- 
matics he has a note ‘On a Class of Transformations which Surfaces may Un- 
dergo in Space of more than Three Dimensions,” in which he shows, for ins- 
tance, that if a fourth dimension were added to space, a closed material surface 
(or shell) could be turned in side out by simple flexare without either stretch- 
ing or tearing. Later articles have been on the theory of errors in observations. 
In former years he also contributed to the Mathematical Monthly and the 
Analyst. 

He has also written a series of mathematical text-books, comprising 
Algebra (1881); Geometry (1881); Trigonometry and Logarithms (1882); School 
Algebra (1882); Analytic Geometry (1884); Essentials of Trigonometry (1884); 
and Calculus (1887). These works have been favorably received and are every- 
where regarded as text-books of decided merits. 


Professor Newcomb refers to astronomy as his profession and to poli- 
tical economy as his recreation, and in the latter branch has written several 
books and a number of magazine articles. 

[In the main the foregoing sketch is taken from Appleton’s Cyclo- 
paedia of American Biograp!'y, Vol. IV., New York, 1888, but some statements 
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have been incorporated from ‘‘The Teaching and History of Mathematics jn 
the U. S., by Professor Florian Cajori (1890), to which has been added such 
matter as was necessary to bring the sketch down to date. | 


SOME GENERAL FORMULAS FOR SQUARE NUMBERS 
WITH APPLICATIONS. 


By Professor P. H. PHILBRICK, M. S., 0 E., Lake Charles. Louisiana 
Let us first examine the Formula, (7? +77)? =(2—n?)? + (Qmn)?..... (0. 
This is identically true for all values of » and » and expresses one 
square number as the sum of two other square numbers. Give m and » 
different values and find as follows: 


n 
26° =24° + 10? 
20? =21* + 20° 
34° = 16? +30? 
412? = 9? +40? 


In reference to this formula, we remark that in order to produce all 
possible sets of numbers answering to the conditions, the numbers of no ret 
being equimultiples of those of any other set, then evidently # and » must be 
prime numbers and cannot both be even. 

Moreover # and » cannot both be odd, for in that case m?+x*, 
m?—n?, and 2mnx would all be even, and of the form 2(m*,+n*), 
2(in®, —n*,) and 2(2m,n,), and would give numbers twice as large as the values 
m and » would give. This is shown above; for m=3, n=1; m=5, n=1; ete. 

Hence, and x are both prime, one is odd the other even. 

Hence, m? +n? and m*—n*® are both odd and 2mn is even. 

For all sets of values, we have the following General formula: 

[p(m? +n*)]? =[p(m? —n*)]? + (2pmn)*....(2), in which m and n 
ure prime numbers, one of which is odd and the other even, and p any number. 
Let #=2 and n=1; then 

p=2 gives 10? =6? +8? p=3 gives 15°? =9? +12? 

p=+t gives 20? =12? +16° p=5 gives 25? =15? +20%, ete. 

None of these sets could be given by (1) and » being prime, and one 
odd, the other even; and all sets given by (2), p being any number not 2 or @ 
square, could not be given by (1) at all. 

If. To find three square numbers, whose sum is a square number. 
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Making m*?=a*, +a*, and n?=a*, in eq. (1) gives, 
(a*, =(a?, —a*,) + +(2a,a;)*....(8). 
The same may be at once written by analogy. This furnishes a solu- 
tion to the problem: 
To find a parallelopipedon whose diagonal and edges are integral 
numbers. 
If in (3) we make a, =a, we have a solution to the problem: — To find 
a parallelopipedon whose base is a square, and diagonal and edges are integral 
numbers. 
Ex. Let a,;=a,=2 anda,=1. Then 9*?=72+4?+4?. 
The sides of the base are 4, altitude 7, and diagonal 9. If in (3) we 
assign any values to a, and @,, we have a solution to the problem: To find a 
parallelopipedon whose base is any rectangle, and diagonal and edges integral 
numbers. 
Ex. Let «,=2, «,=3, and a,=1. Then 147=12?+4?+6* or 
6?+3?+2*. In the latter, the sides of the base are 2 and 3, altitude 6 and 
diagonal 7. 
ill. ‘To tind 2 square numbers, whose sum is a square number. 
Make m? =u*, and n*=a?, in eq. (1) and find directly, 
(a®, +07, +... PS, +u*,+.... +a3_,—a*,)* 


We may assign values to @,, @,,--++da-1 in (4) so as to satisfy any 
possible conditions. if we make these quantities equal we will have a square 


number, equal to the sum of ” syuare numbers of which n—1 are equal. 

If a,=1, and a,=1, we have, [17 +2?+....4 
(a—1)? +12 ]=[12 .... +(n—1)2?— 12] +42 4+... 

IV. To find a square number, which added to aay given number will 

make a square number. 

Let S=the given number, y*? the square number, to be added to make 
a square number. 

Put Sty? +y)(w—y) = S=ax 


a—b 
y = 


Put #+y=a and «—y=4, then S=ab, v= 


Since « and y are integral « and / must be both odd, or both even. 


2 i} 2 2 


a+b\? a—b\* 
or, ab = = ‘ 

2 2 
Hence, any number which is the product of two even or of two odd 
factors can be expressed as the difference between two squares. Since S is en- 
tirely unresticted, this equation is entirely general, and very prolific in 
results. For example, S may represent any series, complete or incomplete, or 
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the sums or differences of several series complete or incomplete. We will give 
several examples, but an indefinite number could be adduced. 
a. Take S=1+3+5+....ton terms, =n’. 


1. Let then S=4*°=8 x2=axh, —~ =3 and =5 and we have, 


or 

2. Let n=5, then S=5*=25 x l=axb and we have, 1+3+5+74+9+412? 
= 13°; or 5? +12?=13?. 

3. Let n=1000, then S=(1000)? =2500x400 and we have 
(1000, ) + (1050)? =(1450)°*. 

b6. Take S=12+2?+ ...n?. 

1. Let n=5, then S=55=55x1 or 

Let a=55 and b=1, and we have, 14+2?+....+n? +27? =28°. 
Or let a=11 and b=5, and we have, 17+2"+....+n?+3?=8?. 
These are the only ¢wv solutions of this case. 

2. Let x 1=77x5=55x7=35x 11. Taking 
a=35 and b=11, we have 1+2+4+....+102+12?=23*. There are three other 
solutions. 

ce. Take 

1. Let n=T, m=2, p*=5?*, 11. 

Then, S=3* +4? +6°+7%—11=99=11x9. 
+1? =10?, ° 

When S=any (x—1) square numbers, this formula furnishes another 
solution to the problem: To find 2 square numbers whose sum is a square 
number. 

1. Find eleven square numbers whose sum is a square. 

Take x 11. 

+12? =23?. 

Find fourteen square numbers, whose sum is a square number. 

Take S=1?+2*+4+....13°=819 x 1=273 x 3=91 x 9=63 x 138=39 x 21. 

Using 63 and 13, =33*. 

Using 91 and 9, 12+2?+....13°+41?=50? etc., etc. 

In case S, though not a prime number, cannot be separated into two 

factors, both odd or both even, S must be an even number, in which case sub- 


tract any odd square number, say (2n,;—1)*, then factor the remainder and 


proceed as above. 

Example. To find two square numbers, one of which being added to, 
and the other taken from S=1*+2?+....16%=1496 will make a square 
number. 
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1496=15? +1271; 1271=41 x 31=36? —5?. 
S—15?=36°—5*, or S—15? +5? =36", 
or 1°+2?+....14% +16? +57 =36°. 
CoxoLLary.—If the square number (2n?,—1)? taken from S is one of 
the square numbers in S, as in the above example and which may always be the 
case, the formula still furnishes the means of finding 2 square numbers whose 
sum is a square number. 
We may write at once, +1)?—12=n(n+2) 
(n +2)? —2% =n(n+4) 
(n+m)*? —m? =n(n+2m). 
Hence we sce the form that two factors must have, in order that their 
product may be equal to the difference between two squares. 


We see that the factors are both odd or both even. 


NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 


By GEORGE BRUCE HALSTED, A. M., (Princeton); Ph. D., (Johns Hopkins): Member of the London 
Mathematica! Society; and Professor of Mathematics in the University of Texas, Austin, Texas. 


CHAPTER THIRD. 
On the Continuity of Space. 


[Continued from the July Number}. 

It is here thought best to interpolate some expository matter regard- 
ing parts of elementary geometry which involve the difficult idea of continuity. 
When a mathematician says: ‘‘There may be a triangle whose an- 
gle-sum differes from a straight angle by less than any g7ven finite angle how- 
ever small,” the meaning is simply, ‘‘give me geometrically any one particular 
finite angle you choose, and I will prove geometrically that a triangle may ex- 
ist the sum of whose three interior angles differs from two right angles by less 

than that particular angle you have given me.” 

. The problem: ‘*To construct a triangle whose angle-sum differs from a 
straight angle by less than any given finite angle however small,” means, “‘if 
any one particular finite angle is given graphically, show how geometrically to 
construct a triangle whose angle-sum differs from two right angles by less than 
that one particular given finite angle.” 
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The same easy solution of this problem is truce both in Euclid and in 
Lobatschewsky. 

Solution: Let @CD he the given finite angle however small. Extend 
the ray C) through C to A. In the ray 
CA take any point & Join F'to any poirt 
of the ray CG, as 77. The constructed 
triangle H('7/ has an angle sum differing 


from a straight angle by less than GCD. 

Proof: The angle EC// differs from a straight angle by the angle 
GCP. Therefore the sum [not greater than a straizht angle] of /C'// and 
CEH and C//EF differs from a straight angle by less than the given angle GCP, 

To see that the solution is not restricted by the smallness of the given 
finite angle, notice that if the smaller angle C2 were given we need only join 
F to any point F’in the ray CZ to get a triangle ECF which is a solution for 
the given angle DCA. 

Thus we have proved that ‘‘There may be a triangle whose angle sum 
differs from a straight angle by less than any given fiuite angle however small,” 
in the best possible way, namely by showing how to construct it geometrically. 

Note that in general a proof that there may be a specified geometric 
entity, does not necessarily carry with it the possibility of its geometric con- 
struction. For example, there may be an angle which is one third of any given 
finite angle however small, yet is the possibility of its construction so far from 
being granted, that in fact the trisection of an angle is one of the three 
great insoluble geometric problems, ranking with the quadrature of the circle 
and the duplscation of the cube. 

But we have just proved that in Euclid as in Lobatschewsky we may 
actually construct ‘‘a triangle whose angle sum is equal to two right angles 
minus the angle a which is less than any particular given finite angle 4 how- 
ever small.” In Euclid a=0. In Lobatschewsky a, though greater than zero is 
less than the particular given finite angle 4. 

But suppose there were any need for introducing infinitesimal angles, 
would we be justified in saying ‘“‘the difference between a finite angle less than 
two right angles and two right angles is necessarily finite.” 

Assuredly not. For a straight angle minus an infinitesimal would be 
finite; but the difference between this finite angle and two right angles would be 
be only that infinitesinal. 
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THE SIMPLEST MODEL FOR ILLUSTRATING THE 
CONIC SECTIONS. 


By LEONARD E. DICKSON, B. Sc., Fellow in Pure Mathematics, in the Chicago University. 

The Greek geometers prior to Appollonius of Perga supposed that 

three cones were necessary in forming the conic sections. Thus, the ellipse 
was cut from an acute-angled cone; the parabola, from a right-angled cone; the 
hyperbola, from an obtuse-angled cone, each by a plane perpendicular to an 
edge. The very names, ellipse, parabola, and hyperbola, express the fact that 


the angle »t the vertex of the cone is less than, equal to, or greater than a right 
angle; and thus that in the ellipse, the cutting plane fu//s short of the other 
nappe of the cone; in the parabola, is parallel to the edge of the cone; in the 
hy perbolia, reaches over to the other nappe of the cone. 

Thus the earlier Greeks thought the ellipse peculiar to the acute-an- 
“gled cone, the parabola to the right-angled cone, the hyperbola to the obtuse- 


angled cone. 

But Appollenius of Perga showed in the year 250 B. C. that all three 
conics could be cut from single cone by varying the inclination of the cutting 
plane. Thus he cut a right-circular cone by a plane. Now if the angle between 
the cutting plane and the base of the cone be /ess than the angle made by an 
edge of the cone with the base, the section is an e//ipse; if equal, a parabola; if 
greater an hyperbola. 

The method of Appollonins, now used in our models consists in cutting 
a fired cone by a revolving plane; my method consists in making the plane Jjixed 
and revolving the cone. 

Nature furnishes us with a fixed horizontal plane,the surface of a liquid 
atrest. Filling partly full a hollow glass cone with some liquid (colored to 
make the effect distinct), we can make at will all the conic sections and their 
limiting positions. A definite amount of liquid will give a certain series of 
conics. By varying the quantity of liquid, we can form series of conics mag- 
nified in different degrees. Thus we can vary their curvature at will. 

Suppose our cone is lying with an edge on a plane. If the plane be 
horizontal, the section is always a parabola, even if the cone be rolled about on 
the plane. If the plane is inclined to the horizon at an angle less than the angle 
at the vertex of the cone, then by rolling the cone about on the plane, the sec- 
tion passes successively through various forms of ellipses, then a parabola, then 
various forms of hyperbola, and again a parabola, and lastly the original 
ellipses. 

This model has the great superiority over the ordinary wooden models, 
etc., in that we may readily study by it how the conics pass from one class into 
another through the limiting forms, the parabola, the circle, and the straight 
line. 

Again, any school boy can make use of his conical ink-bottle, if no bet- 
ter model be at hand. 

My method may be hapily extended to the construction of simple 


models for showing the various sections of any solid whatever. 
{Read before the Texas Academy of Science in 1892.] 
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SERIES OF RATIONAL TRIANGLES. 


By SYLVESTER ROBINS, North Branch, New Jersey. 


The following is the simplest method known to the writer of finding 
the dimensions of prime, integral, rational, scalene triangles in series. 
PROBLEM: There is an infinite series of rational, scalene triangles in which 


there is a difference of 1 between the two short sides of every term, and the longest 
side is one less than double the shortest. 


Sotution: Let a, «+1, and 2x—1 represent the sides. 


r= + 1=3 91933 51 73 99 129 163 201 243 289 339 393 451 Ke. 


c+1=4 10 20 34 52 74 100 180 164 202 244 290 340 394 452 * 
Qa—1=5 17 37 65 101 145 197 257 325 401 485 577 677 785 901 
General expressions: 2n*+1, 2(m?+1), (2n)? +1. 
PROBLEM: In a certain series of rational A’s there is a constant difference 
of 2 between two sides, and the third one is 2 less than twice the shortest. 


Let a, 2a—2, represent sides of A: 2a.2.2(a—2)=0. 
r=04+2=3 1127 51 83 123 171 297 291 363 448 531 627 731 &e. 
+2=51329 53 85 125 173 229 298 365 445 5338 629 733 * 
2r—2=4 20 52 100 164 244 340 452 580 724 884 1060 1252 1460 * 
General expressions: (2n—1)?+2, (2n—1)*+4, and 2(2n—1)* +2. 
PROBLEM: In an infinite series of rational, scalene A’s, there is a dierence 
of 8 in two of the sides, aud the other one is 8 less than twice the shortest. 
SoLuTION: Represent the sides by v, «+8, and 2x—8, 
Then 2a.7.8(7—S)=0. 
e=O+8= 91733 57 89 129 177 233 297 369 449 537 633 737 &e. 
x+8=17 2541 65 97 187 185 241 805 877 457 545 641 745 “* 
2r—8=10 26 58 106 170 250 346 458 586 730 890 1066 1258 1466 “ 
General expressions (2n—1)? +2.2?, (2n—1)?+4%, 24 (Q2n—1)?+2? |. 
PROBLEM: — In an infinite series of rational, scalene A’s, there is a differ- 
ence of 9 in two of the sides, and the other one is 9 less than twice the shortest. 
oO 
SOLUTION: 


2 


r+9=20 26.50 68. 116 . 218 260 . 356 410 530 596 “ 
27—9=13 25. 73 109 . 205 265 . 409 475 . 685 793 1033 1165 “* 
PROBLEM: In an infinite series of rational, scalene A’s, there is a differ. 


ence of 18 in two of the sides, and the other one is 18 less than twice the shortest. 
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SoLuTION: 2r(.c—18) 187-0: 
vw=0O+18=1943 67 189 187 307 379 547 643 859 979 1243 Ke. 
e+18=37 61 85 157 205 325 397 565 661 877 9971261 * 
63 116 25) 356 596 740 1076 1268 1700 1940 2468 
PROBLEM: In an infinite series of rational, scalene A’s thereis a differ- 
ence of 25 in two of the sides, and the other one is 25 less than twice the shortest. 


SOLUTION: 
c= 38 48 57 OT 123 153 187 267 363 417 Ke. 
v2+25=52 58 68 82 122 148 178 212 292 388 442 * 
2xr—25=29 41 61 89 169 221 281 349 509 701 809 ** 
PROBLEM: In an infinite series of rational, scalene A\’s, there is a differ- 
ence of 32 in two of the sides, and the other one is 32 less than twice the shortest. 
SOLUTION: 2v.7.32(¢—32)=0: #—32=0. 
v= 0 +32=33 41 57 81113 153 201 257 321 393 &e. 
v+32=65 73 89 118 145 185 233 289 353 425 = 
Yc—382=—34 50 82 180 194 274 370 482 610 754 SS 
PROBLEM: In an infinite series of rational, scalene A’s, there is a differ- 
ence of 49 in two of the sides, and the other one is 49 less than twice the shortest. 


SOLUTION: 227.7.49(7—49)=0: %r—49)=0. 


a= >-+49= 51 57 67 81 99121. 177 211 249 &e. 


#+49=100 106 116 130 148 170 . 226 260 298° 
Q2r—49= 53 65 85 113 149 193. 305 373 449 SS 
PROBLEM: In an infinite series of rational, scalene A\’s, there is a diTerence 
of 50 in two of the sides, and the other one is 50 less than twice the shortest. 
SoLuTion: 27.7.50(7—50)=O: «r—50=0. 
a=0O+50= 51 59.99 131 171 219 . 3389 411 491 579 &c. 
v+50=101 109. 148 181 221 269 . 389461 541 629 
2r—50= 52 68. 149 212 292 388 . 628 772 9382 1108 * 
PROBLEM: In a certain series of rational A’s there is a constant difference 
of 72 between two sides, and the third one is 72 less than twice the shortest. 
SoLutTion: xr—T2=—0. 
w=0+72= 73 97 121193 241 361 433 601 697 9138 &e. 
a+72=145 169 193 265 313 433 505 673 769 985 * 
9xr—T2—= 74 122 170 314 410 650 794 1130 1322 1754 * 
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ARITHMETIC. 


Conducted by B. F. FINKEL, Kidder, Missouri. All Contributions to this department should be 
sent to him. 


SOLUTIONS TO PROBLEMS. 


22. Proposed by E. S. LOOMIS, A. M., Ph. D., Professor of Mathematics, Baldwin University, 
Berea, Ohio. 

A borrows $1,000 from B for 10 years, on which he pays 4% semi-annually. 

A immediately loans the $1,000 to C for 10 years, who agrees to pay to A $123 
on the tirst of each month for 120 mos. or 10 yrs., at which time the whole debt is 
considered canceled, C no longer being, in any way, indebted to A. Upon the receipt 
of each of the $12} payments made by C, A immediately reloans it to D, E, F, ete., 
upon the same conditions as he loaned the $1,000 to C; at the end of 120 mos. ail who 
are indebted to A pay up in full all due kim. and he (A) pays B the principal, all in- 
terest having been paid when due. 

Query: How many dollars has he in hand ? 

NO SOLUTION RECEIVED. 


23. Proposed by H. C. WHITAKER, Professor of Mathematics, Manual Training School, 

Philadelphia, Pennsylvania. 

A rectangular hall 80 feet long, 40 feet wide and 12 feet high,has a spider in 
one corner ofthe ceiling. How long will it take the spider to crawl to the opposite 
corver on the floor,if he craw)s a foot in a second on the wall and two feet in a second 
on the floor ? 

I. Solution by Professor J. A. TIMMONS, St. Mary’s, Kentucky, and the PROPOSER. 

It seems to me this problem does not belong to arithmetic. Were the 
shortest route required, arithmetic would solve it; a line from £ (the s/de wall 
supposed to be lying down) to C’ being the required distance=95.41 ft. The 


time to travel this route=22.02+— .72 seconds 


Were the spider to descend the end wall, a line from G to 
C would give the shortest distance by that route; but although 
this distance is longer than the other one, being 100.32 ft., 
° , 87.233 
the would be shorter, being only 13.085+ = 56.601 


seconds. Hence we see that arithmetic alone will not solve it. 
Let /’ be point when spider reaches the floor; call AF «x; 
then FD=80— 2x. 


We have EF=V x? +144, and CF=V 8000— 160+; hence the time 


required in seconds=,/ ;2 2000— 40. +; that is, a? +144 
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a d x 
/-—_—407+ 2000, is to be i = — = 
+ \ 4027+ 1s to be a minimum (@? 


9 


\ (400+ 2000) 


Making this equal to zero and reducing, we get 37*—480x* + 254562? + 23040 
—921600=0. By Horner’s Method I find 7=5.88 ft., nearly, =AF, EF= 
13.36316=distance down wall, /-C=84.22454 ft. =distance on floor. 

Time=13.36316 + 84.2254 +2=55.47543 seconds, Ans. 
II Solution by F. P. MATZ, M. Sc., Ph. D-, Professor of Mathematics and Astronomy in New 
Windsor College, New Windsor, Maryland. 
The spider may take several routes; but the one requiring the m/n- 
‘mum of time necessitates a perpendicular descent of 12 feet on the wall and a 
diagonal crossing of 1/[(80)? + (40)? ]=89.44+feet on the floor, and the time 
required is 56.72 seconds. 
III. Solution by J. K ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pennsylvania; 
W. L. HARVEY, Portland, Maine; P. S. BERG. Apple Creek. Ohio; COOPER D. SCHMITT, 
Profeosor of Mathematics, University of Tennessee, Knoxville, Tennessee; and LINNAEUS HINES, 
Teacher in High School, Evansville, Indiana. 
The entire distance the spider crawls is the hypotenuse of a rt.triangle 
whose base is 80 ft. and whose perperdicular is 40+12, or 52 ft., which is 


/80? +52°, or 95.41+ft. 

The height: the width::3:10:: distance crawled on wall: distance on 
floor. Hence ;’5 of 95.41+ft., or 22.01 ft. is the distance crawled on wall; and 
ty Of 95.41+ft., or 73.39ft. is distance crawled on floor. 

22.01+1+73.39+2=58.71+seconds the time required. 
This Probiem was also solved by Professor G. B. WM. ZERR, FRANK HORN, U. A, GRUBER, and 
JH. DRUMMOND. 


24. Proposed by Mrs. MARY HE. HOGSETT, Danville, Kentucky. 
On Jannary 4. 1889, it was noticed that a clock was 15 minutes fast. On 
March 1, 1894, it was found to be six and one half minutes slow. When and what 
time was accurate time? 


Solution by FRANK HORN, Meadville, Missouri. 


1882 days=time from January 4, 1889 to March 1, 1894. 
15 minutes+64 minutes=time the clock lost in 1882 days. 
1882 
1313,;'; days=time required for the clock to lose 15 minutes. 
January 4, 1889+1313,;; days=33 minutes 29}% seconds past 
12 o'clock, A.M., August 11, 1892, 


days=time required for the clock to lose 1 minute. 


The clock indicated true time, 33 minutes 29}} seconds past 12 
o'clock A. M., provided the observation was made at midnizat,January 4,183. 


This problem was also solved by J. A, HLLWOOD, H. U, WHITAKER, COOPER D, SCHMITT, 
G. B. M. ZERR, F. P. MATZ, and P. S. BERG. 


265 
(1. 
| 2. 
II. 43. 
| 3. 
< 


PROBLEMS. 


29. Proposed by R. H. YOUNG, West Sunbury, Pennsylvania. 


An interest bearing note dated Aug. Ist, 1892, was discounted at 90 days at 
8%. The face of the note was $750, and the proceeds $759.982. What was the date 
of discount? 


30 Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in New 
Windsor College, New Windsor, Maryland. 


While dressing a fifty-cent chicken, a poulterer found a fifty-dollar diamond 
in the chicken’s gizzard. He sold the chicken at a profit of 25cts., changed with good 
money the counterfeit ten-dollar bill handed him by the unknown purchaser, and 
realized 50% -of the estimated value of the diamond. What percent. of gain, or loss, 
did the poulterer make? Suppose the purchaser of the chicken and of the diamond 
had been one person, what per cent. of gain, or loss, would he have made after selling 
the diamond for $25 in good money? 


31. Proposed byI L. BEVERAGE, Monterey, Virginia. 


“A man wishes to know how many hogs at $9, sheep at $2, lambs at $1, and 
calves at $9 per head, can be bought for $400,having of the four kinds, 100 animals 
in all. How many different answers can be given ?” "4 

[Satisfactory arithmetical solution desired. | 
32. Proposed by P. C. Cullen, Mead, Nebraska. 

A horse is tied to corner of building 40 feet square, by a rope 110 feet long. 

Over how much land can he graze ? 


Solutions to these problems should be received on or before November Ist. 


ALGEBRA. 


Conducted by J. M. Colaw, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS TO PROBLEMS. 


21. Proposed by Professor J. F. W. SCHEFFER, A. M., Hagerstown, Maryland. 

A tobacconist has two kinds of smoking tobacco, of which the price of the 
better kind is $1 and of the inferior $.75 per th. Now, he takes 9 parts of the better 
and mixes it with two parts of the inferior, then 9 parts of the mixture with two 
parts of the inferior, etc. What is the price of the nth mixture per th.? 


I, Solution by H. C. WHITAKER, B. S., M- &., Professor of Mathematics, Manual Training 
School, Philadelphia, Pennsylvania, and P. H. PHILBRICK, M. 8., C. E., Lake Charles, 
Louisiana. 

The portion of the better in the first mixture was ;°;, in the second 
mixture was (;*;)?, and in the ath mixture was (,°;)”, making the portion of 
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the inferior to be 1—(,°;)".__ The answer is, therefore, (,°;)”+2[1—(,,)"]=# 
+4(,°)” dollars. 


II- Solution by A. L, FOOTE, C. E., Merrick, New York. 


Let «=($1.) price of better kind, and /=(75cts.) price of the inferior 
kind per lb. Then, the value of 1lb. after first mixture is, a(,°;) +4(,2,); after 
the second, +1); after the third, 
+1], ete., ete.; and after the nth mixture, (,°,)"+ 

The sum of the series of which 2 is a factor is 4—4(,°,)", and the en- 


tire value is (,°,)"(a—4)=3 +1 (,°,)” dollars. 
III. Solution by the PROPOSER. 


By Finite Differences. Let (7) be the price per lb. of the zth mix- 
ture, then f(x) + * 75 will be the price for the (v+1)”. .. 
f(z) + 15°. Solving we get, f (v7) = 75 + For «=0, =100, 
.. 25, and f (wv) = 75 + 25 (,°,)”, [or as above 3+} (,°,)” dollars. ] 
Also solved by J. H. DRUMMOND, J. K. ELLWOOD, F. P. MATZ. and G. B. M. ZERR. 
22. Proposed by F. P. MATZ, M. A., M. Sc., Ph. D.,Editor of the Department of Mathematics in the 
“New England Journal of Education” and Professor of Mathematics and Astronomy in New 
Windsor College, New Windsor, Maryland. 


For the sum D=%30, Messrs. Zerr and Ellwood contracted to plough the sod 
for a circular track, width, m=60 feet and inner radius r—940 feet. How is the 
money to be divided, if they commence ploughing at the inner circumference of the 
track, make uniform furrows of width n=1} feet, and Mr. Ellwood continually fol- 
lows Mr. Zerr during the ploughing? 


Solution by J. K. ELLWOOD, A. M . Pittsburg, Pennsylvania; M. A-GRUBER, A. M., Washing- 
ton, D. C.; A. H. BELL, Hillsboro, Illinois; J. H- DRUMMOND, LL. D., Portland, Maine; and 
P §. BERG, Apple Creek, Ohio- 


“= a = 45 rounds; as Mr. Zerr begius, he plows 23 furrows and 
3 
Mr. Ellwood 22 furrows. 

Now, 7 (r7+n)?—17n? =7n(2r+n), the surface of Z’s Ist furrow. 

His next furrow is represented by 7 (4+3n)*—7(r+2n)*=7n 
(2r-+5n), and so on, each furrow having just 47”? more surface than the next 
preceding. Hence, we have an arithmetical progression, whose first term is 
m(2r+n), com. diff. 4727, and number of terms 23. .*. The area of 7's 
rounds is 7(r+n)?— ar? + 2(74+3n)? —a(r+2n)? +7(r+45n)? 

—a(r+44n)*, or Tr(2r+9n)+ 
or 

Evidently, the area of rounds is 7(7+2n)? —7(r+n)* +2(r7+4n)? 
or Ta(2r+3n)+ 7H 
or 227n(2r+45n). 

Hence, Z’s portion of )=$30 : 4's portion =237n(2r+45n) : 
297n(2r+45n), = 23:22. 
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.. Zerr gets of $80=$15}, and Ellwood gets 
of $80=$142. 

Also solved by Professors MATZ, PHILBRICK, and ZERR. 

Note:-—H. W. Draughon remarks of Professor Zerr’s solution of prob. 9, that the 
method fails unless the original equations are factored as in (1), (2). and (3) of 
solution: that they can not be so factored unless the values of 2, y, and z are known; 
and if these values are known, there is no need of solving. A similar comment has 
been received from Professor M. C. Stevens. 


PROBLEMS. 


29. Suggested by MANSFIELD MERRIMAN, C. E., Ph. D., Professor of Civil Engineering, Le- 
high University, South Bethelehem, Pennsylvania. 


Solve neatly the equations: ..-(1), and 
30. Proposed by (, A. ROBERTS, Long Bottom, Ohio. 

Find the sum of terms of the series 1+ 15+55+1344+265.... 
31. Proposed by D. G@. DORRANCE, Jr., Camden, Oneida County, New York. 


Sum the series 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ete. to n terms. Also what is 
the nth term? 


32. Proposed by LEV. WEINER, Professor of Modern Languages, Missouri State University: 
Columbia, Missouri- 


Find a number consisting of 6 digits which when multipled by the first 6 
natural numbers gives the same digits in rotation. 


33. Proposed by 0. HE. WHITE, Trafalgar, Indiana. 


Show that every algebraic equation of the nth degree, n being greater than 
two, which is complete in its terms may be transposed into an infinite number of 
equations which want their second term. 


Solutions to these problems should be received on or before November Ist. 


GEOMETRY. 


Conducted by B.F.FINKEL, Kidder, Missouri. All Contributions to this department should besent to him. 


SOLUTIONS TO PROBLEMS. 


14. Proposed by HENRY HEATON, M.- S., Atlantic City, Iowa. 


Through a given point to draw four circles tangent to two given circles. 
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II. Solution by Professor G. B. M- ZERR, A. M., Principal of High School, Staunton, Virginia. 
Let A be the given point 0, 0,,the given circle, draw P 0, 0 the line 
joining the centres of the given circles and PH their common tangent. Let 
AEDB be one of the circles satisfying the condition. Then PA. PB= PO. PO, 
=PK.PH=PE.PD. Hence, join A to the point ? and make 7?A.PB 
=F K.PH this determines 2; then a circle through A,B tangent to 0, or 0 


satisfies the conditions, for PA. PB= PE. PD; but two such circles can 


be drawn. [See problem 18. | 

Similarly draw the internal common tangent MV. Let 7, be the 
point of meeting of this tangent with OV,, Take ?, V.P, M=P,A.P,B,. 
This determines B, and through A, 4, two circles can be drawn satisfying the 
conditions. These are 0,,035. 


16. Proposed by H. C- WHITAKER, B. S.. M. E., Professor of Mathematics, Manual Training 
School, Philadelphia, Pennsylvania. 

Three lights of intensities 2, 4,and 5’are placed respectively at points the co- 
ordinates of which are (0,3) (4,5) and (9,0). Find a point in the plane of the lights 
equally illuminated bv all of them. 

I, Solution by J. F. W. SCHEFFER. A. M., Hagerstown, Maryland, and the PROPOSER 
2 4 5 


a 
—t+ \ 
BY \ \), 
[ 
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Taking the equation formed by the Ist and 2nd x? +8x+y? —2y—23=0, is 
the locus of points equally illuminated by the lights of 2 and 4 intensities. The 
Ist and 8rd give # +127+ y* —10y—39=0 as being points equalluminated by 
lights 2 and 5. The 2nd and 8rd give #*+32e+y?—50y—119=0 for lights 
4 and 5. The points equally illuminated by all are found by making these 
simultaneous as (2,—1) and (—6,—5). 

Let «, y be the co-ordinates of the point sought. 
Then since intensity at units distance divided by the square of the dis- 
tance to any point is the intensity 
at that point, we get 
2 + 
(8—y)? (4—2)? + (5—y? 
5 
(9—2)? +y? 
39=a? + y? +127—10y or 
+y?+8r—2y or 
39—y? +2y. 
39-7? or y? +6y=—5. 
y=—1 or —5, or —6. 
.". There are two points (2,—1), (—6,—5) both on the line e—2y=4. 
Solutions to this problem were also received from J. &. BALDWIN, P. H. PHILBRICK, LEONARD E. 


DICKSON, and T. W. ATKINSON. An excellen: solution accempanied by a beautiful blue-print figure 
wus also received, but the author failed to sign his name to his work. <¢ 


17. Proposed by ROBERT J. ALBY, A- M., Professor of Mathematics in the Indiana University, 
Bloomington. Indiana. 


Draw a circle bisecting the circumference of three given circles. 
Solution by HENRY HEATON, M. 8 , Atlantic, Iowa. ‘ 

Let A and B be the centers, of any ‘two circles. Join AB and draw 
diameters DC and FF’ perpendicular thereto. Through P, the center of the 
circle which would pass through C, and draw QR, perpendicular to 
AB. 

From JZ, any point of GA, draw ZA, LB, and the diameters @// and 
KAT respectively perpendicular to ZA and LB. Then will LC=LH=L/I=LK. 

For by construction. .*. PA*+AD*=PB*?+ 

Substituting AC? for its equal BA? for its equal ,and add- 
ing to both members of the equation,we get PL*+ PA? +AC?=PL? 
+P*?+Lk*. But the first member of this equation equals ZC? and the sec- 
ond member equals A®. 

LC=LK. But ZC=LH and LK=LI. 

LC=LH=LI=Lk. Since GH and /K are diameters, if a circle 
be passed through (,//,/,and A’ it will bisect the circumferences of the circles 
A and B. 
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Since Z is any point of YR, YP is the locus of centers of circles, which 
will bisect the circumferences of the circles A and A. 

The required construction is now obvious. Draw the locus of centers 
of circles which bisect the circumferences of the given circles, taken two and 
two. Their common intersection will be the center of the required circle. 


Solutions to this problem were also received from Professors H. W. DRAUGHON, WILLIAM HOOVER, 
WILLIAM SYMMONDS, P. H. PHILBRICK and ———. 


18. Proposed by Professor HENRY HEATON, Atlantic, Iowa. 
Through two given points to draw two circles tangent to a given circle. 
Solution by Professor T. A- TIMMONS, St. Mary’s Kentucky; D. A. ROTHRICK. A- M., Professor 
of Mathematics, Indiana University, Bloomington, Indiana; J. H. BEACH, Tiffin, Ohio; P. S. 


BERG, Apple Creek, Ohio; JOHN DOLLMAN, Jr., Councellor at Law, Philadelphia, Pennsyl- 
vania; and P. H. PHILBRICK, C. E., Lake Charles, Louisana 


Let A and B be the given points and ( the center of the given cirele. 

Through the points A and B draw any circle cutting the given circle in the 
4 = 

points (’and /). Draw the lines AB and )C and produce them until they meet 


in Draw the tangents and 
PT’. At&#, the middle point of 
AB, erect the perpendicular /Y. 
Now Fis the locus of the center 
of all circles passing through A and 
B. Draw the radius V7 and _pro- 
duce it till it meets #/'in Then 
( is the center of a circle passing 
through A and B and tangent to 
the given circle at 7. 
In like manner, by drawing the 
radius OT" and producing it to 
meet /'F, we find (”, the center of 
another cirele fulfilling the condi- 
tions of the problem. 
Discussion.—lf one of the giv- 
en points is within the given circle, the point /’ falls within the given circle and 
there is no solution. If the given points lie on the circumference of the given 
circle there is one solution. In all other cases there are two solutions. When 
EF passes, through the center of the given circle the general construction fails. 


Chis problem was solved in a similar manner by @, B.. VM. ZERR. WILLIAM SYMMONDS. and The PRO- 
POSER. H.C. WHITAKER solved it by Carvesian Geometry. UHRISTIAN HOMING, Professor of 
Mathematics, in Herdleberg College, did not solve the problem but referred to Casey’s Sequel to Euclid’s 
Elements, Prop. X., Sect. V., Bk. VI. 


- 


CALCULUS. 


Conducted by J. M. Colaw, Monterey, Va. All contributions to this department should be sent to him. 


SOLUTIONS TO PROBLEMS. 


18. Proposed by J. M. BANDY, M. A., Professor of Mathematics, Elon Collegs, Norta Carolina. 
If the ordinate S7' of any point 7’ on a circle 
+y? 
be produced so that ST. TP=,*, prove that the whole area between the locus of P 
and its asymptotes [and the circle] is double the area of the circle. 
I. Solution by M. C. STEVENS, M. A., Professor of Mathematics, Perdue University, Lafayette, 
Indiana; and COOPER D. SCHMITT. Professor of Mathematics, University of Tennessee, 
Knoxville, Tennessee. 
First to find the locus of /: When S7:7TP=r?, PS=y, OS=z, 


Qr* — 
A=area= dx = 4 


of P. The asymptotes are 


The area between the curve, it wanes 
and the circle (which was evidently en erie 

Il. Solution by WILLIAM HOOVER, A M., Ph. D., Professor of 

Mathematics in the Ohio University, Athens. Ohio: and 0. W. 

M. BLACK, A. M., Department of Mathematics, Wilmington 

Conference Academy, Dover, Delaware. | 


Let the co-ordinates of 7’ be (#’,y') and those 
of P, (ay); then plainly (y—7)y'=r*....(1), and from 
the circle, y= / (7? .. .. (2). 
Eliminating 7 from (1) arid (2), we have the locus of P given by 


0 


The area between the curve, its asymptotes and the circle (which was 
evidently meant) —2r? =27r*, 


Also solved by JOHN DOLMAN, Jr., ALFRED HUME, F. P. MATZ, J. SCHEFFER.H. C. WHITAKER, 
and G. B. M. ZERR. 
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19. Proposed by A. L. FOOTE, OC. E., Merrick, Queens County, New York 
A and B are in a circular room 2R=30 feet in diameter, A being at the cen- 
ter and B at the circumference. 8B runs around at the rate of t=600 feet per min- 
ute and A pursues him at the rate of u=100 feet per minute. How long will the 
race last, and how far will each have traveled till B is caught ? 
I. Solution by G. B. M. ZERR, A. M., Principal of High School, Staunton, Virgin‘. 


Let O be the origin, OF the axis of , B the starting point, OB=a, 


OS=x, SP=y, OR=2z,,PC=m, OP=r, 
ZCOB=4, POS=8, ~CQS=4. 
v=velocity of pursued u= ve- 
locity of pursuer; s=are OP; P, /” two 
consecutive points on the pursuer’s path; 


—=n. Then ns=ap=a cos? 
U 


PR':CR'=Q8: PS... PR'=m 


dx 
| 
ns=a 


dx 
or (1). But a? =r? +m*—2mr cos OPC=r? + m* 


+2mnr cos (¢— 9). Cos (¢— @=r?+m? 
ds ds 


dy sino r cos 4 
a ar x=rcos 6, sin 4, r=y +y*). 
cosd— — rsin 


dé 


ds ] 


and ae de 


aty 


1+($4)" 
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but CR’ =m sin tm 2). 


2 
ar 
{ dy dr 

The solution of either of these differential equations (if possible) give 
the rectangular equation to the path of the pursuer' After we know the equa- 
to the curve we can find its length, from which we know the time and distance. 
If the pursuer’s velocity is less than that of the pursued the race will last an 
infinitely long time, or the pursued will catch the pursuer and thus end-the 
race. 

“TI. Solution by P. P. MATZ, M. Se., Ph. D., Professor of Mathematics and Astronomy in New 

Windsor College, New Windsor, Maryland. 

Let O and B represent the sturting-points of A and B, then will /’and 
C represent their positions at any time after starting. Make OB=R=15 feet, 
n=v+u=6, <BOC=}, <BOG=8, and BYC=¢. Obviously the polar and 
the Cartesian co-ordinates of the point / located on the required curve, are re- 
spectively (r, 9) and (a, y). Hence dy+dr=tan 4, 

OQ=y(d«+dy)=y cot ¢, ZOPQ=(¢—9), and POC=(¢-—4). 


i 
Now PQ= a 


sin (¢—?) 

=tan ¢cosec ¢.. (2). 
sin 

=—(tan d—tan #)+, (tan d—tan 6)?+(1+tan* tan 4—tan? 4] 

1+tan? 
(tan ¢—tan 4)+tan +2 tan ¢ tan 9—tan? #) 
1+tan? 6 
=sin—! 
1+tan? 


sin 


sin (¢— 00= =ycosec ¢....(1). That is, - 


and p=sin( 


But =fy [14 Jae; tan 6=y+2; and from the problem, ns= ?/....(3). 


2 
By obvious transformations, we have from (3) (1+%)s sin (= )= 


R 
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tial equation of the required curve; and this equation does not appear to be 
integrable. Many other differential equations of the required curve can be -de- 
duced; but all of these equations, as to their integrability, transcend the present 
limits of mathematical genius. 


III. Solution By JAMES McHAHON, M. A., Associate Editor of the ‘‘Annals of Mathematics’, 
Department of Mathematics, Cornell University, Ithaca, New York. 


Let are BC=v, <DCQ=p, P, P' two consecutive points on the curve, 
then dm= C'P’ —CP=C' A— CA—(AP+ AP’) =CC"' cosu— Ca". 


Let dm=dv(cos u—n’)....(8). du=C'OC—-CAC= 


amdu=(m—a )dv....(4). From (3) and (4) by elimination 

and solution (if possible) the equation to the curve of pursuit is found. 
IV. Comment by M. C. STEVENS, M. A., Professor of Mathematics, Purdue University, Lafayette, 

Indiana. 

To solve this problem, if we let (z’, y’) be the co-ordinates of a point of 
the pursued at any moment, and (2, y) the coordinates of the pnrsuer at the cor- 


responding moment, then we have, 2’? +y’* =225....(1). y’— y= ..(2) 


+ 


By elimination we can find a differential equation involving, z, y, 
~, 7 . (See Boole’s Diff. Equations, page 251). 

But this results in a very complicated equation, which has never, so 
far as I know, been solved. Now since the velocity of B is greater than that 
of A, A will never overtake B; hence the answer to the question is, the time is 
infinite and the distance is infinite. (See remarks on Curve of Pursuit in Run- 
kle’s Mathematical Monthly, Vol. I, p. 248). 


PROBLEMS. 


25. Proposed by F. P- MATZ, M. Sc, Ph. D., Professor of Mathematics and Astronomy, New 
Windsor College, New Windsor. Maryland. 

The leaf of the curve: “The Devil on Two Sticks”, equation y*—x4 
+100a?x* —96a*y* =0, revolves around the axis of x. Deduce the expression for 
the volume generated. 

26. Proposed by Professor J. F. W. SCHEFFER, M. A., Hagerstown, Maryland. 

According to Bessel the ratio of the squares of the polar diameter of the 
earth to that of the equatorial diameter is .9933254. Find at what altitude the an- 
gle made by a body falling to the earth with a perpendicular to the surface is great- 
est. Find also this maximum angle. 

Solutions to these problems should be received on or before November Ist. 
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MECHANICS. 


Conducted by B. F. FINKEL, Kidder, Mo. All Contributions to this department should be sent to him. 


SOLUTIONS TO PROBLEMS. 


7. Proposed by DE VOLSON WOOD, M. A., M- Sc., C. E., Professor of Engineering, Stevens Institute 
of Technology, Hoboken, New Jersey, 


A hollow sphere filled with frictionless water rolls down a rough plane whose 
length is 7 and inclination 6; when half way down the water suddenly freezes and ad- 
heres to the sphere. Required the time of the descent. 


III. Solution by P. H. PHILBRICK, M. S., 0. &., Lake Charles, Louisiana. 


Let m and m’ be the masses of the shell and of the water; / and k, 
their radii of gyration about a diameter; and a and a, the radii of the exterior 
and interior surfaces of the shell; 7’ the friction on the 
plane; ¢, the time of descent on the upper half of the 
plane, and ¢, the time of descent on the lower half; V, 
the velocity immediately before reaching the middle of 
the plane and V, the velocity immediately after passing 
the middle of the plane. 


Take the axis of w along the plane positive down- 
ward. For motion on the upper half of the plane we have, (see Wood’s Analy- 


tical Mechanics) for translation, (m+m’) +m’')gsinO—F.... 


a (1); and 


6 
for rotation, mk? ao =Fa....(2), since the water does not rotate. Suppose 


the point P on the shell to have been at the upper end of the plane upon start- 
ing; then OA=are AF, or then dv=ad@ and d*x=ad*6. Multiply (1) 


2 
by a*, (2) by a and add, substituting he for a a . and we have, [(m+m’)u? 


ax 
+mk* ae sin 8....(4). 


Integrating gives, [(m+m’)a* =(m+m')a?g sin 6¢....(5). 


de (m+m')a*g sin 
‘dt (6). Integrating (5) and putting 


(m+m’)a? 
(m+m')u*g sin 


rt 


we easily find, ¢,= 7! 


--(7). From (6) and (7), 
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The energy of the system just before reaching the middle of the plane 


is, $(m+m’) V *, +4mk? =) , and just after passing the middle of the plane 
’ 2 


Equating these expressions which must be equal, we have, 


V.=V [ (m+m' +m 


Since the ice rotates with the shell, the equations of motion for the 


..(9). 


2m 
lower half of the plane are, =(m+m )g sin O—F ...(10), and 


(mk* +m'kt,) =Fa....(11). Then as before, 


[(m+m’)a? +mk* + m'k?, =(m+m')a?g sin 9.... (12). 
Integrating gives, + mk? +(m+m')k*, 


=(m+m’')a®?g sin 6¢+ C....(13). 


=V,fort=(, . +mk? +m'k?,|V, and (13) be- 


comes, +m )a® +ink® +m’k®, |=(m { m')a®g sin 0¢+[(m+m +mk? 
+m'k?,|V,....(14). Integrating, putting e=4/ and ¢=¢, gives, 
[ (m+ m’)a? + mk? +m'k*, sin +2[(m+m')a® + mk* 
+m'k?,] Vets. 
For brevity, put the coeffecients of ¢, and ¢*, equal to c -and d_ respéct- 


1 
ively, and the absolute term equal tod. Then )=d¢*, +ct, or t,= 95° 
+V c?+46d....(15). Equations (7) and (15) give 7=¢, +¢, =the total time. 


IV. Solution by WILLIAM HOOVER, A- M., Ph. D., Professor of Mathematics and- Astronomy, 
Ohio University, Athens, Ohio. 


Let «=the distance the shell and water of masses m, m' respectively 
have moved down the plane in the time ¢ from the beginning of motion, 7= 
the friction, 7, 7’ the exterior and interior radii of the shell, %, k the radii of 
gyration of m and m’, and ¢= the amount of rotation of the shell. 


Resolving parallel to the plane, and taking moments about the center 
of the shell, 


2x 


2 2 
We have also from the geometry, z=7r¢....(3). From (8), 5 ed =-— —,..(4). 


& 
| 
x 
q § 
* 
| 


This in (2) gives mk*® =Fy*....(5). Eliminating 


=(m+m’')r*g sin 6 ....(6). 


from (1) and (5),[ (m+m')r? +mk*] 


Integrating (6) twice, noticing that initially — =0, v=(), we have 


[(m+m’)r* + mk? ] m+m sin and [(m+m’ vr? +mk?)]x 
dt? 


=4(m+m )r*g sin 6.¢%....(8). When these give = = 


(m+m')r?g sin 6.7 +mk* |i 


The circumstances of motion changing at this point, it is necessary to 


..(10). 


determine the instantaneous change in w and @, the latter being the value of 


dé 1d: 
--(11) from (3). 

Assuming the principle of the conservation of the moment of momentum 
as holding here, 


mk? «+(m+m w +(m+m' r....(11), having 
to and to w’. But v=r@, a, => 


These equations give 


v= 
— 15) 4 + 5(m+m')(73 —7') oO}. 


If y=the distance passed over from the middle of the plane after any time 


t, and ¢’ the corresponding amount of rotation, we have, resolving as before, 


(m+m’) = (m+m'g sin 6—F....(14), +m’k’?) (15). 
We have also y=r¢".. .. (16). 


Eliminating /’ from (14) and (15) and using (16), there is [(m+m’ )r? 


2 
+ mk? =(m+m')r*g sin 6....(17). 


Integrating (17) twice, and noticing that initially OY ay’, y=0,we have 


[(m+m')r* + mk? sin +[(m+m’')r® 
+mk* .. ..(18). 
Putting y=}/, we find the time ¢, for the lower half of the plane, - and 
then the required time=¢, +/,. 
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DIOPHANTINE ANALYSIS. 


Conducted by J. M, COLAW, Monterey, Va. All contributions to this department should be sent to him- 


SOLUTIONS TO PROBLEMS. 


6. Proposed by Professor G. B. M- ZERR, A- M., Principal of High School, Staunton, Virginia. 
Find three whule numbers the sum of anv two of which is a cube. 
II. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


‘Let y, and z=the numbers. Then «+z=0'. and y+z=c'; 


3 4 23 
in which c>b>a. Hence 


a* P 3 


In order that each of the numbers be integral, either each of the cubes 
must be even, 07 two of the cubes must be odd and one even. Also, in order 
that each of the numbers be positive, a°+5°>c°. 

The simple rule for finding the three numbers is as follows: Take three 
cubes fulfilling the above two conditions, and from half their sum subtract each 
cube separately; the remainders will be the three numbers required. 

It is evident that many sets » numbers be obtained. We will illustrate 
by the following consecutive cubes: 1, (2) 8, (3) 27, (4) 64, (5) 125, (6) 216, (7) 
343, (8) 512, (9) 729, (10) 1000, (11) 1331, (12) 1738 , (13) 2197, (14) 2744, (15) 
3375, (16) 4096, (17) 4913, (18) 5832, 

The first three cubes answering the above conditions are 343, 512, and 
729. their sum is 792; «=792—729=63; y=792—512=286; 2=792—343 
=449. The next three cubes are (7)', (9)°, and (10)*. The first three even 
cubes are (12)3, (14)%, and (19)$. 

9- Proposed by ISAAC L- BEVERAGE, Monterey, Virginia. 
It is required to find three numbers the sum of whose 4th powers is a 
square. 
I. Solution by R. J. ADCOCK, Larchland. Warren County, Illinois. 
If then wu? in 


which if 2a*y* 


, and u=2*?+y? - 


_ 
(a? +y* )? +y* 

at +y*)* +y* (a? +y*)*? +a4y4 = (x4 +y4 +2*%y*)*?, which is a general equa- 
for the sum of the 4th powers of three quantities=a square, when 2? +y*=a 
tion square. Making 7=3,y=4, #*+y*=5*,and 34 x 54 +44 x54+34x4t=15¢ 
+204 + 124 = (34 +44 +124)? =481* =231361. 


a4 2 
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II. Solution by ARTEMAS MARTIN, LL. D., U. S. Coast and Geodetic Survey Office, Washing- 
ton, D. C. 


Let az; ay, and az denote the numbers required. Then must a‘z* 
+aty*+a*tz*=0, or, rejecting the square factor we must make «* +24 
= 0 =(v*—y* say; whence =a? y? +27). Assume 


and z=2pq, and we have xz=y(p? +4"), which gives y=- 
pr”? 
= 2pq(p*—9") Now take a=p?+gq? and we have ar=p*—gq*, ay 
=2pq(p* —4*), a2=2pq(p* +4’). 

(pt—q*)* +[2p9(p? — 9°) + [2p9( pp? +9) =[( pt 
+ +9?)4 —4p?4?( p?—q?)? 
Take p=2, g=1 and we find the numbers 12, 15 and 20, the sum of 
whose 4th powers=(481)?. These are the sma//est numbers answering the 
problem, but an infinite number of other answers may be found by varying the 

values of p and 4. 
Also solved by H. W. DRAUGHON, A. L. FOOTE. F. P. MATZ, and G. B. M. ZEER., 
10. Proposed by L. B. HAYWARD, Bingham, Ohio. 


Find two numbers, such that each of them and also their sum and their 
difference when increased by unity shall all be square numbers. 


I. Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Maine. 


The leaving out of commas leaves one in doubt whether each of the num- 
bers plus one, or simply each of the numbers, must be a square. The more 
probable construction requires «+1 (1), y+1 (2), and zty+1 (3) to be squares, 
Take «+1=m*+n* and y=2mn and the two conditions of (3) are met. But 
m*+n*® must be a square: this happens when m=p*—g? and n=2pq. It now 
remains to make or 4pq(p*—q*) +1=0 =(say) (2pg+1)*. Reducing 
we have p?—gp=(g?+1), from which bg? +4= 0 =(sy+2)?; 


then g= + We readily find p= +5) 


2 


s=1, g=+1; p=+1, or +2, q=+1, p=+2, m=3, and n=4 and 
y=24, and #=24. s=2, p=+5 or +13; m=39 and n=80; or m=105 
and n=208; «=7920 or 54288; y=6240 or 43680, s=3, 
«=1155 or 168; y=960 or 120; these last values of and y are the least integrals 
which I have obtained. The reduction of (57?—4)=0 is quite interesting, but 
as it gives no values for x and y, different from those already obtained, I omit 
it. 

II. Solution by A. L. FOOTE, C. E., Merrick, New York, and P. 8. BERG, Apple Creek, Ohio. 

Solving under the other construction, let 2? and 2 be the required 
numbers; then the sum _ increased by unity is <?+22+1 which is a square; 
and their difference increased by unity is «?—2v+1 which is also a square, 
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and since x is a square it only remains to make 2a a square, which it is when 
g=2. But this value of x makes the numbers the same. 

Our next value of z is 8 and «?=64, and 27=16, which numbers 
answer the conditions. The next value of x is 18 and the numbers are 324 and 
36, and so on ad infinitum. 


Also solved by W. H. DRAUGHON, ARTEMAS MARTIN, F. P. MATZ, J, F. W. SCHEFFER, G, B. M, 
ZERR, and/. K. ELLWOOD: 


PROBLEMS. 


13. Proposed by ARTEMAS MARTIN, LL. D., U. S. Coast and Geodetic Survey Office, Washing- 
ton, D. 0. 


It is is required to find four numbers the sum of whose fourth powers is a square 
number. 
14. Proposed by SYLVESTER ROBINS, North Branch Depot, New Jersey. 

Find initial terms in each of three infinite series of prime, integral, rational, 
scalene triangles, where 9 shall be the base, and the other two sides of every term 
shall have a constant difference. 

15. Problems, or Propositions by M. A. GRUBER, M. A , War Department, Washington. D. C. 

(a) The difference of two odd squares is always divisible by 8. Corollary: 
Every odd square is of the form 8a+1. 

(b) The sum of two odd squares is two times an odd number. 


Solutions to these problems should be received on or before Novemb>r Ist. 


AVERAGE AND PROBABILITY. 


Conducted by B. F. FINKEL, Kidder, Mo. All Contributions to this department should be sent to him. 


SOLUTIONS TO PROBLEMS. 


6. Proposed by J. F. W. SCHEFFER, A. M., Hagerstown, Maryland. 


Find the average length of all the diameters that can be drawn in a given 
ellipse. 


II. Solution by F. P. MATZ, M. Sc., Ph. D.: Professor of Mathematics and Astronomy in New 
Windsor College, New Windsor, Maryland, and the PROPOSER. 


By using the complement of the eccentric angle we deduce OD =a sin ¢ 
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cos ¢, PP’ =2ay/(1—e* cos? ¢)=any diame- 


any 
ter, and ds=)/(1—e* sin® ¢)d¢. Hence the re- by 
quired average length becomes Div 

D=2u* eos? 4)(1—e* sin? cum 
resu 
sin? 
Fe. V [1—e*(sin® $+ +e* sin? ¢ cos* ¢]d¢ 
( two 
_ a(2—e*) [ ] that 
= Heda) J cos*2¢ |d¢ 
1— GS "sin (47—2¢) |d(4x—2¢) pai 
sin® 6 Id 
Ee, "ha [1 (5) 
a(2—e%) Cj the 
24 
Representing by c the modulus of the elliptic integral in (1), we have 
D=a(2—e*)[ Ke, $7) + Ee, $7)], which is the average length required. 
III. Solution by G. B. M. ZERR, A- M., Principal of High School. Staunton, Virginia. Th 
Let 2r=any diameter. the 
Then 2r=2V/ 7? +7? =21 since y? *—o?) and 

fir: 
las 

*, A=average length=2§ Vv + 
0 0 po 

As: 2 22 — / 

b? a(l+e) ) 

log 
Note—Professor Matz gave a similar solution obtaining the same result in a » 
different form. He has now furnished six different solutions to this problem. th 
Three of these solutions give, for e=4, the average length of a diameter le 

= b, two give the —s a,the result in the above solution, and one : 


268 
gives average= 


problem. It occurs to us that the correct solution is obtained by considering the 
number of diameters proportional to the circumference of the ellipse. Taking 
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any diameter and having it pass through all possible values within proper limits 

by varying the ordinate or abscissa will give the sum of all the diameters. 

Dividing the sum of all the diameters by the number, which is equal to the cir- 

eumference of the one will give the average diameter. The difference in the 
263 


228 1 
results —— and is about i000 b. Ep.] 


7. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in New 
Windsor College. New Windsor, Maryland. 


A letter is known to have come either from Oshkosh or Ashland. The only 
two consecutive letters legible on the postmark are SH. What is the probability 
that the letter received came from Oshkosh? 


I. Solution by the PROPOSER. 


Of the six pairs of consecutive letters in the word Oshkosh, SH are 2 
pairs. Hence if the letter came from Oshkosh, the probability that SH was 
the legible pair is %, or . If the letter came from Ashland, this probability is 
}. The a posteriori probability that the letter received came from Oshkosh, is, 


therefore, 
Pot+ Pa=3 


aes this connection, the following problem is appropriate and 
interesting: A letter is known to have come either from Sing Sing or Lansing. 
The only four consecutive letters legible on the postmark are S7VG. What is 
the probability that the letter received came from Sing cng? 
Answer: Ps+ Pr=$5+3=1. 
Il. Solution by M. A. GRUBER, A. M., War Department, Washington; D. 0. 


According to the arrangement of the postmarks, si of Ashland and the 
first sh of Oshkosh would be found in the left portion of the postmark, and the 
last sh of Oshkosh would be found in the right portion or near the top of the 
postmark. 

There will, therefore, be two cases:— 
(1) When a letter or figure of the date indicates the position of post- 


§ ; and that it came from Ashland, is Pi= =~= }. 
6 


mark. 

(2) When the position of postmark cannot be determined. 

Case 1. If sh is found in the right portion of postmark, the chances 
in favor of Oshkosh are }, or infinity; 2. e. the letter came from Oshkosh. 

If sh is found in the left portion, since the names of both places have 
the same number of letters and s/ in both names is preceded only by the initial 
letter, the chances are equally divided, or }. 

Case 2. In this case, since there are two sh’s in Oshkosh and only one 
in Ashland, the chances in favor of Oshkosh are 2 to 1. 


II. Solution by G. B. M. ZERR, Principal of High School, Staunton, Virginia. 


Since sh is found twice in Oshkosh and once in Ashland, the probabil- 
ity that the word is Oshkosh is 4. 


| 
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PROBLEMS. 


15. . Proposed by A- L. FOOTE. No- 80, Broad St., New York. 


A person 30 years of age has an annuity for 10 years, the present worth of 
which is $1000, provided he lives but ten years; for, if he dies, the annuity ceases, 
What is the annuity worth, on the assumption that 75 out of every 4385 persons die 
annually, between the ages 30 and 40 years? 


16. Proposed by H. W. DRAUGHON, Clinton, Louisiana, 


The probability that A will speak the truth is twice the probability that B 
will, in an independent statement, speak the truth; but, if A exerts his influence, the 
probability 1s that B will agree with him in any statement. What is the probability 
of the truth of their concurrent testimony, the chances being equal that A may or 
may not be interested in the matter? 


17. Proposed by F. P. MATZ, M. Se., Ph. D., Professor of Mathematics and _— in New 
Windsor College, New Windsor, Maryland. 


Find the average area of the circle which is the locus of the middle points of 
all chords passing through a point.taken at random in the surface of a given circle. 


Solutions to these problems should be received on or before Novemb =r Ist. 


MISCELLANEOUS. 


Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him- 


SOLUTIONS TO PROBLEMS. 


10. Probosed by SAMUEL HART WRIGHT, M. D., M. A., Ph. D.. Penn Yan, Yates County, N. Y. 


A small cloud in the S. E. and altitude 70°, wassoon after N. 60°E with 
an altitude of 30°. In what direction was the wind blowing, the track of the cloud 
being the are of a great circle? 


I. Solution by F. P. MATZ, M. So., Ph. D., Professor of Mathematics and Astronomy in New 

Windsor College, New Windsor, Maryland. 

Let Z represent the zenith of the observer, C, and C, the positions of 
the cloud, aad ZD the perpendicular C,C,. The <NZW represents the direc- 
tion of the wind with respect to the observer and his zentith. Since C,Z=20°, 
0,Z=60°, 20,20, =75°, C,ZS=45°, and < C, ZV=60°, the spherical tri- 


angle (,ZC, gives <C, C,Z=¢=ta cot 74° ) 
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—tan , cot 374 = 23° 14’ 3.7083; and the spherical triangle C,ZD 
gives 60°+cot ¢) 
=77° 53° 6”. Obviously the direction of 
the wind, represented by <NVZW, 
=(',ZD+ 40, ZN—90°=44+60°—90° =p 
—30°,=N. 47°53'6"E.; for at D the zone 
of the air in motion moves at right angles to 
ZD, and from ) to Z the same zone moves 


also parallel with itself. 
II. Solution by G. B. M. ZERR, Principal of High 
School, Staunton, Virginia. 
Let A be the station of the observer 
on the earth, Z his zenith, ZN his meri- 
-dian. B, C the positions of the cloud at 
first and last observation, AB CF the cloud’s 
track, a plane throngh A _perpendicu- 
lar to ZA, D, EF the projections of B, Con 
this plane. 
Let AD=m, AK=n, AZ, AG the X, Y axes. The plane of the cloud 
with reference to the observer passed through the points A, B, C. 
coordinates of A, (0, 0); 


coordinates of B, (m tan 70°,—m cos 45°, m sin 45 >) =(m tan 70°, —- 


coordinates of (, (n tan 30°,x cos 60°, nsin 60°) ) 


VE zy ] 
0 0 0 


9 


m tan T0°,— - 


| 
| 
| 
| 


n n ny3 
| 
eyuation of this plane. 

The direction of the wind is rep- 
resented by Z// parallel to KBCP through 
the zenith Z. 

Let «=0, and we get 
| 2, 
0, 0, 


m tan 70°,— 


1 |=0, is the equation of the, trace of the plane 
ZHO on the plane YZ. 


| 
, 1|=0, is the 
5 
| 
m m < 
n n nJ/3 i 4 
| } 3 2 f 
| 


Writing out the determinant we get (3)/2 tan 70-—2)y=(/6 tan 70 +2)z. 
3y 2 tan T0° 9 
Ome HZN=tan™ 
iv 6 tan, 70°42 
. N. 47° 53’ 6.” E. is the direction of the wind. 
Also solved by .4. 7. BELL, and the PROPOSE R. 


=47° 53’ 6.6. 


PROBLEMS. 


46. Yale Senior Prize Problem.---Gontributed by H. A. NEWTON, “.L. D., Professor of Mathema- 
ties, Yale College, New Haven, Connecticut. 

The axes of two right cylinders whose bases are circles of 4 and 6 inches radius 
respectively, intersect at right angles; compute to four decimal places the lengths of 
the curves of intersection- of the two surfaces. 

Proposed by SAMUEL HART WRIGHT, M. D., M A., Ph. D., Pan Yan, Yates county, New York. 


A bright star passed my meridian at 7 P. M. The Chronometer sovn after 
ran down and stopped, “but I set it again when the same star had a true altitude of 
30° =a. What time was it then, my latitude being 42°30 N. =A, and the star’s Dee 


ination 60°N.=0,4 


Solutions to these problemsshould be reczived on or before Novemb-r Ist. 


weft 


Conducted by J. M. COLAW. Monterey, Va. All contributions to this department should be sent to him. 


6. A reply-to Professor WHITAKER’S Commont, by H. W. DRAUGHON. 

Professor Whitaker’s explanation of the difficulty in L. B's solution 
seems to me illogical. L. B's: answer is correct, and does prove if properly 
substituted. 

%. Professor. Whitaker aca i not discriminate between the sign indicating 

operation, placed before an expressi»1, and the siza of the vine of that ex- 
pression found by solution. For imstance, let us take the equation under dis- 
cussion, 

‘Squaring, we find, Vz—4=—1. The + sign before V 
in (1), merely indicates. that the value of V w—4, be it positive or negative,is to 
be added to 4. IfProfessor Whitaker insists that /7—4 cannot have a nega- 
tive value, he must deny that z can have a negative value in the following 
equation: «#?+2r=3....(2), To illustrate, let the value. of x be required; 
we readily find and #?=1. | 

From the first result, we obtain z=3, which does not satisfy (2), but 
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we have previously found s=—3 or 1. .*. we know that « cannot be equal to 
+3. This solution is identical with that submitted by L. B. His solution was 
correct; he simply failed to note the sign of the value of “Yz—4. The general 
rule for preventing ambiguity is, to always find the value of the surd (or surds) 
of highest degree entering into the original equation, and containing the un- 
known quantity. 
7. Queries and Answers by JOHN N. LYLE, Westminister College, Fulton, Missouri. 
I. What is a finite straight line? 
Ans. One that has a beginning and a termination; that is, two ends. 
Il. What is a finite are of a circle? 
‘ Ans. One that is subtended by a chord that is a finzte straight line. 
III. What is a finite pline angle ? 
Ans. One that is measured by a fin‘te are of a circle. 
IV. Is the half 0° any one given finite angle however small itself finite? 
Ans. Yes, since it is measured by an are subtended by a chord that is 
a finite straight line. The chord is recognized as finite, since it has two ends. 
V. Is the half of any one given finite angle however small a variable? 
Ans. No, in as much as an affirmative answer involves the contradic- 
tion that the same angle may have one value only and more than one at the same 
time. 


VI. Do two straight tines that are perpendicular to the same straight line 
converge, diverge, or remain equidistant as they are extended? 


Ans. According to the Euclidean geometry they neither converge nor 
diverge but remain the same distance apart. 


VII. How is query VI answered in Lobatschewsky’s geometry? 
MATHEMATICS AT BROOKLYN. 
A brief Outline of the First Summer Meeting of the American Mathematical Society, and the 
Mathematical Papers in Section A of the American Association, by GEORGE BRUCE 

HALSTED, Press Secretary of Section A. 

It was appropriate that the most remarkable and valuable contribution 
at the meeting of the Mathematical Society should come from our honored 
President, Dr. Emory McClintock. By his remarkable results in the expres- 
sion of the roots of algebraic equations he proved that the powers either of his 
Calculus of Enlargement, or of its genial ceator, were fully adequate to the 
production of new results in the main line of analysis so decisive as to deserve 
an immediate recognition even in our text-books. 

The paper by Professor Frank Morley of Haverford College was : 
beautiful application of Elliptic Functions to Cartesian Ovals. It did one good 
to see our English Colleague handling elliptic functions as an instrumentf or 
geometric research. 

The paper by Professor Eliakim H. Moore of the University of Chica- 
go was a piece of padding. Of course in an elementary class on the theory of 
functions, it would be a good exercise to have each of the students write a half- 
dozen such papers, and in a meeting lacking material such padding, like cotton 
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in x tooth, holds the opening until the gold comes. The same remarks are true 
of the paper read by Professor Moore in Section A of the Americau Association, 

Dr. Halsted gave a brief sketch of the popular side of a memoir to be 
published in full by the Texas Academy of Science. 

Professor R. S. Woodward of Columbia College then gave some inter- 
esting results in an application of the Theory of Probability, where mathema- 
ticians of high rank have made remarkable errors. The work of this charminz 
gentlemen is of permanent value in a delicate and difficult subject. 

The paper by Professor Schlegel of Germany was read by Professor 
Hyde of Cincinnati, and no man in America is better fitted to present an appli- 
cation of Grassmann’s Ausdehnungslehre, such as this was. 

Professor Hyde’s old opponent, Dr. Alexander Macfarlane, formerly 
of the University of Texas but henceforth of New York City, followed with a 
presentation of the fundamental ideas of his now well-known Algebra of 
Physics, a worthy third and competitor to Rowan Hamilton’s Quaternions and 
Grassmann’s Ausdehnungslehre. 

This paper called forth by far the most interesting discussion of the 
whole meeting. Professor Fine of Princeton maintained the possibility and de- 
sirability of constructing the most important of algebras, that of ordinary 
Analysis, which neomonic numbers (the so-called pure imaginaries) énd and 
finish, without any use of space. 

Dr. Halsted said he had already twice applied that very criticism to 
Professor Fine, for in his book ‘‘the Number-System of Algebra,” Professor 
Fine starts a brave attempt to give what is so desirable, a competent exposition 
of the work of Dedekind and Georg Cantor on this point. But just when the 
interest becomes most intense Professor Fine incontinently throws up the 
sponge, and takes the continuity of his number-system bodily from space. In 
a very pretty reply Professor Fine plead guilty to the impeachment; said that 
thoughts of the Princeton Sophomores broke his nerve at the trying moment; 
but now encouraged by sympathy he would return to the assault in a memoir 
which he hoped to be able to incorporate into a second edition of his book. Con- 
tinuing the discussion, Professor Frank Morley brought out the point that how- 
ever perfectly this ordinary algebra could now be expounded as a subjective 
mental product of the humah mind, yet back of that it was realities independent 
of the human mind which first incited the mind to picture the world as consist- 
ing of natural individuals, and afterward to create those artificial individuals or 
groups designated as to specific quality by the word tio. The most primitive 
number-system has only the concepts one, tie, many. 

Of the mathematical papers presented to section A of the American 
Association, that by Professor Ormond Stone my be singled out as especially 
appropriate and valuable. 


In it Professor Stone obtains with attractive simplicity and directness 


results in regard to planetary motion whose deduction heretofore, even bya 
master in the subject, takes whole pages of difficult reading. Such a paper isa 
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strong argument against separating Section A into its two components Mathe- 
matics and Astronomy. 
QUERIES. 
1. A Problem by JOHN DOLMAN, Jr., Philadelphia, Pennsylvania. 

Required a demonstration of the possibility or impossibility of constructing 
in Euclidean space, a pseudo-spherical surface or surface of uniform negative curva- 
ture. 

2. A query by “KENDRICK.” 


Is it possible psychologically or mathematically to multiply a fraction by ¢ 
fraction? Why or why not? 


EDITORIALS. 


In remitting subscriptions, please send by Draft or Money Order, pay- 
able to B. F. Finkel, Kidder, Missouri. 
It is generally recognized that, as a body, the mathematical 


teachers of the country need deeper contact with the vast living scienc2 
of mathematics, and should be encouraged to buy and read as many standard 
books as possible. It has been suggested that the Monruty could perhaps start 
reading clubs insuch books. We would be pleased to hear from our readers, 
and if sufficient interest is manifested, we will later, after consulting competent 
Mathematicians, prepare a course of reading to extend through the next year. 


Eprrorr1aL NoticeE:—We believe no mathematical Journal has ever of- 
fered so much valuable matter at $2.00 a year. It is impossible .to give more 
than 30 pages to the issue at that price, and yet we find our space inadequate to 
publish promptly all the articles which we could secure. Therefore, for the 
convenience of contributors, and for the purpose of encouraging mathematical 
investigation, we have made arrangements whereby we will be able to publish 
in the Monruty (in addition to the usual amount of matter) Mathematical p.- 
pers and articles at_$1.25 per page to be paid by the writer of the article. If 
Mathematicians encourage this feature, we can extend the number of pages of 
such issues as require it to 40 or 50 pages. Any contributors, having papers 
in our hands, who wish to encourage the feature and push the publication of 
the article, will please notify us. Matter paid for will appear along with other 
matter and there will be no marks to distinguish one from the other. We will 
furnish any number of MonTHLIEs containing any published papers at reduce 
rates, so that it will be much cheaper than publishing in phamphlet form. 

C. A. Laisant, Directeur de l’Intermediaire des Mathematiciens, and 
A. Vassilief, President of the Physico-mathematical Society of Kasan, have 
asked Dr. George Bruce Halsted, President of the Texas Academy of Scienc2, 
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to act as propagandist in the United States and Mexico for the projected per- 
manent International Mathematical Congress. 

It is planned to begin as follows: 

Reunion preparatoire a Kasan, 1896, Congres constituant, a Bruxelles 
par exemple, 1897. ler Congres Mathematique international, a Paris, 1900. 

Those who believe in the importance of such a permanent Congress 
and its value for the science are asked to write, with or without suggestions or 
remarks, to Dr. Halsted at The Neomon, 2407 Guadalupe St., Austin, Texas, 
U.S. A. 

Dr. George Bruce Halsted, at the special request of C. A. Laisant, 
Directeur de ’Intermediare des Mathematiciens, and A. Vasiliev, President of 
the Physico-Mathematical Society of Kasan, presented to the members of the 
American Mathematical Society at its summer meeting, the following, for their 
signatures: 

‘*The undersigned, members of the American Mathenatical Society, 
present at its summer meeting, 1894, take this method of expressing their cor- 
dial approval of a series of international Congresses of mathematicians to take 
place from time to time, as suggested by A. Vasiliev and C. A. Laisant.” This 
was signed by all the members present to whom it was -presented by Dr. Hal- 
sted, including the President, Dr. Emory McClintock, the Secretary, Dr. 
Thomas S$. Fiske, Professor H. B. Fine, of Princeton, Professor H. A. New- 
ton, of Yale, Prefessor Mansfield Merriman, of Lehigh, Professor R. 8S. Wood- 
ward, of Columbia, Professor A. Ziwet, of Michigan, Professor Eliakim Hast- 
ings Moore, of Chicago, Professor Laenas G. Weld, of lowa, Professor George 
D. Olds, of Amhergt, Professor Ormond Stone, of Virginia, Dr. Janes Byrnie 
Shaw, of Clark, Dr. Alexander Macfarlane, of Canada, Professor Frank Mor- 
ley, of Haverford, Professor Ed. B. Van Vleck, of Wisconsin, Dr. G. W. Hill, 
of Columbia, Jos. C. Pfister, of Columbia, J. Frank Shields, of Brooklyn, E 
M. Blake, of Columbia, P. A. Lambert, of Lehigh, Professor C. L. Doolittle, 
of Lehigh, Dr. George Bruce Halsted, of Texas. 

The plan contemplates a Reunion preparatoire a Kasan 1896, Congres 
constituant,a Bruxelles (for example) 1397. ler Congres mathematique interna- 
tional, a Paris, 1900. 

Dr. Halsted will be very glad to receive any expression of approval or 
any suggestion from any member of the society who was not present at this 
meeting. 2407 Guadalupe St., Austin, Texas. 

The following was the program of the First Summer Meeting of the 
American Mathematical Society, August 14th and 15th, 1894: 

‘Theorems in the calculus of enlargement,” 
Dr. Emory Me Clintock, New York. 
*‘On the expression of the roots of algebraic equations by means of series, 
Dr. Emory MeClintock, New York. 
‘Elliptic functions and the Cartesian curve, 
Prof. Frank Morley, Haverford College. 
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“Concerning the definition by a system of functional properties of the func- 


sin 72 
tion f 
vof. FE. Hastings Moore, The University of Chicago. 
“Bertrand’s paradox and the non-Euclidean geometry.”, 
Prof. George Bruce Halsted, University of Texas. 
‘Analytical theory of the errors of interpolated values from numerical tables.” 
Frof. R. 8. Woodward, Columbia College. 
“Upon the problem of the minimum sum of the distances of a point from 
given point;.” 
Prof. V. Schlegel, Hagen, Germany. 
“On the funda nental laws of algebra.” 
Prof. Alexander Macfarlane, of Canada. 
“About cube n timbers whose sum is a cube number.” 
Dr. Artemas Martin, Washington, D. C. 
‘Reductio 1 of the resultant of a binary quadric and m-ie by virtue of its semi- 
combinant property.” 
vrof. Henry S. White, Northwestern University. 
We hive received a complete solution to problom 5, Average and 
Probability, from Profeseor Philbrick. Tais solution, which is quite long, will 
appear as soon as we find room for it. 


We hive received from Professor E. S. Loomis, a complete investiga- 
tion of the various problems relating to Loan Associations. We are sorry that 
we can not publish this excellent investigation; but as an entire issue of the 
MonTHLY devoted to it would not be of interest to the great majority of our 
readers we rel ictantly give the space to other matter. 


BOOKS AND PERIODICALS. 


Laboratory Studies in Elementary Chemistry. By Le Roy C. Cooley, 
Ph. D., of Vassar College. pp. 144, price 50 cts. NewYork: American 
Book Co. 

The book contains 150 experiments devoted to the fundamental facts and 
principles of elementary Chemistry. Following a statement of the object of each ex- 
periment are specific directions for the work to secure the proper conditions for the 
experiment; the result is then left to be detected by the student. This handsome 
book from Prof. Cooley seems to us to be a thoroughly good thing in the way of intro- 
ducing successful experimenting on the part of the student. We heartily recommend 
it to the attention of teachers who have classes in elementary work. J. M. C. 


Field Book for Civil Engineering. By Daniel Carhart, C. E., Pro- 
fessor of Civil Eizineering, Western University of Pennsylvania. pp. 294. 
Price, $2.00. Boston: Ginn and Co. 1893. 


This book i. fr.m the publisher’s ‘‘Department of Special Publication,” and 
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is designed to meet the needs of students of civil engineering, as well.as to satisfy the 
demands of field engineers for a manual convenient in size, containing the desired in- 
formation so arranged as to be of easy reference. > 

The book relates particularly to the work of locating a railroad, setting the 
slope stakes, computing the quantities, and solving the problem of track laying. 
It is crowded with the various problems which arise in tield practice accompanied 
with full explanations, and’ supplemented by many illustrative examples. 

We note particularly the simplicity of the chapter on “Setting Slope Stakes,” 
end commend the practical character of the treatment of “Frogs and Switches”. the 
latter of which is contributed by L. C. Weldin, C. E., Asst. Engineer on the Pennsyl- 
vania R. R. 

The book contains all the necessary tables. The printing of a portion of 
these oh tinted paper and the absence of vertical lines in others, are new and pleas- 
ing features, which tend to facility and ease in consulting them. The book is 6} x4 
in size, and is bound in morocco with flap. Professor Carhart’s book admirably sup- 
plies the requirements of a mode} field manual. J. M.G, 


An Elementary Treatise on Fourier’s Series and Spherical, Cylindri- 

cal, Ellepsoidal Harmonics, with Applications to Problems in Mathematical 

’ Physics. By William Elwood Byerly, Ph. D., Professor of Mathematics in 

Harvard University. 8 vo., cloth, x11 +288 pp. Mailing price, $3.15. Bos- 
ton and Chicago: Ginn & Co. 

This treatise we consider a valuable addition to American text-books. It 
ean not fail to be of great value to the student of mathematical physics and to all 
persons who have to perform calculations of the kind considered. It is crowded full 
of physical problems of all sorts to many of which are given excellent solutions. The 
book is clearly printed and is very attractive in appearance. Our limited space 
forbids giving a more extended notice of this excellent work. B. F. F. 

The Mathematical Gazette: A Terminal Journal for Students and 
Teachers. Edited by E. M. Langley, M. A., Bedford, England. No. 1. and 
No. 2. Price of each, Six-pence, net. 

We have just received Nos. 1 and 2 of this journal and prcdict for it a bright 

future. The object of the journal is to give to teachers of mathematics the benefit 
of one another’s experience in methods of teaching. It says ‘It cannot be doubted 
that many teachers are in possession of methods of their own which experience has 
shown to be better uhan those most in vogue. They are asked to let others have the 
alvantage of knowing these special methods.” The Gazette has the best wishes of 
the MONTHLY. B. YF. F. 
A Treatise on Plane Surveying. By Daniel Carhart, C. E., Professor 
of Civil Engineering in the Western University of Pennsylvania, Allegheny. 
Illustrated, 8vo., half leather. xvit+493 pages. Mailing price, $2.0. 
Boston and Chicago: Ginn & Co. 


‘This work is the result of twenty vears’ experience in the field and in tech- 


nical schools and the aim of the author has been to make the work extremely pract- 
ical. That he has succeeded in this, no one will doubt after using the book fora 
short time. The work covers the whole ground of Plane Surveying; illustrating and 
describing the instruments employed, their adjustments and uses; it exemplifies the 
best methods of solving the ordinary problems occuring 1n practice. ard furnishes ©- 
lutions for many special cases wkich irequently present themselves. We heartily 
commend the work to all teachers who desire the best book on the subject. 


B. 
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JAMES JOSEPH SYLVESTER, A. M., LL. D., F.R.S.,D.C.L. 
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